Abstract: In this paper we study some boundary value problems for fractional analogue of Laplace equation in a rectangular. Theorems about existence and uniqueness of a solution of the considered problems are proved by spectral method.
Introduction
Let's introduce definition of operators of fractional integral -differen-tiation. Let a function f (t) be given in a interval [0, ℓ] , ℓ < ∞. For any α > 0 operator of fractional integration of α order in Riemann -Liouville sense is the expression: is a derivative of α order in Caputo sense [1] . If f (t) ∈ C m [0, l] , then the operator C D α can be reduced to the form [1] :
Furthermore, we will use another form of the operator of fractional order, namely sequential derivative of kα, k = 1, 2, ... order, i.e. expression [2] :
In domain Ω = (x, y) ∈ R 2 : 0 < x < 1, 0 < y < 1 consider the following equation: 
Formulation of the Problem
In the domain Ω we consider the following problems:
Problem D. Find a regular solution of the equation (1.1), satisfying the fol-lowing boundary conditions:
Problem P. Find a regular solution of the equation (1.1), such that u y (x, y) ∈ C Ω , satisfying the boundary conditions (2.1) and
Problem N. Find a regular solution of the equation (1.1), such that u y (x, y) ∈ C Ω , satisfying the boundary conditions (2.1) and
Note, that Dirichlet type problem for fractional analogue of the Laplace equation:
has been studied in [3] . Since for the operator of fractional differentiation in Caputo sense, in general, equality (see [2] )
holds, then the considered problem D differs from the Dirichlet problem for the equation (2.5). Necessary of research boundary value problems for equation (1.1) is determined by using fractal Laplace equation to describe the production processes in mathematical modeling of socio-economic systems [4] . In [4] attention is drawn to the fact that the problem of finding a generalized two-factor Cobbe-Douglas function is reduced to a Dirichlet problem for the generalized Laplace equation of fractional order.
Solution of One-Dimensional Equation with Fractional Derivative
For further research, we need to give some information about solutions of differential equations of the form:
We will look for a solution of the equation (3.1) in the class of functions
. Since µ > 0, then the equation (3.1) can be rewritten in the form:
We construct the general solution of the equation (3.2) . It is known (see [1] ) that a particular solution of the equation
are solutions of the equation (3.2) . It is easy to show that the functions E α,1 (µt α ) and E α,1 (−µt α ) are linearly independent. Hence, the system of the functions (3.3) are the fundamental solutions of the equation (3.1), and, therefore, the general solution of this equation has the form:
Research the Problem D
Application of the Fourier method to solve the problem D leads to a spectral problem
Eigen values of the problem have the form λ k = (πk) 2 , k = 1, 2, ..., and corresponding their eigen functions Y k (y) = √ 2 sin kπy form orthonormal basis in the space L 2 (0, 1). Thus, for all y any regular solution of the problem D can be represented as the following series: 
where
. Putting (4.1) into the equation (1.1) and boundary value condition (2.2), to find unknown functions u k (x) we get the following problem:
Due to the equality (3.4) general solution of the equation (4.2) has the form:
Putting the function (4.4) into the boundary condition (4.3), we obtain
It is easy observe, that the function E α,1 (λ k x α ) satisfies equation:
Moreover, it's known that (see [5] ), a regular non-constant solution of the equation (4.7) (function y (x) belongs to the class C [0, 1] ∩ C 2 (0, 1) ) can not attain its positive maximum (negative minimum) within the segment. It's easy to show, that functions C k (x) and S k (x) are solutions of the equation (4.7) and
Further, if the function ϕ (x) belongs to the class C m+ε [0, l] , m = 0, 1, ..., 0 < ε < 1, then for the Fourier coefficients of this function we have the following estimate (see [6] ):
For these functions we receive:
Then the series (4.1) converges uniformly in the regionΩ, hence its sum is u (x, y) ∈ C Ω . Further, for the function E α,β (z) as |z| → ∞ we get asymptotical estimate [2] :
, |z| → ∞. Using these estimations, we obtain
Term by term taking differentiation from the series (4.1) twice by y, we have:
Then for all x ≥ x 0 > 0, 0 ≤ y ≤ 1 we get
Analogously we estimate the series:
Uniqueness of a solution of the problem D follows from uniqueness of solution of the problems (4.2), (4.3). Thus, we have proved the following proposition.
Then solution of the problem D exists, it is unique and represented as follows:
where f k , g k -Fourier coefficients of functions f (y) , g (y) , moreover, C k (x) and S k (x) are defined by equalities (4.6) and (4.7), respectively.
Research the Problem P
In the case of boundary conditions (2.3) of the problem P, the corresponding spectral problem has the form
Eigen values of this problem are λ k = (2kπ) 2 , k = 0, 1, ..., and corresponding their eigen functions have the form:
System of the functions (5.1) form orthonormal basis in the space L 2 (0, 1). Then repeating the procedure of paragraph 4, we obtain
hold. Then solution of the problem P exists, it is unique and represented as follows:
where f k , g k -Fourier coefficients of the functions f (y) and g (y) by the system (5.1), C k (x) and S k (x) are defined by equalities (4.5) and (4.6), respectively. 
where f k , g k -Fourier coefficients of the functions f (y) , g (y) , by the system Y k (y) , k = 0, 1, ..., C k (x) and S k (x) are defined by equalities (4.5) and (4.6), respectively.
